Recibido el 27 de noviembre de 2003; aceptado el 10 de febrero de 2004 It is well known that a charged particle cannot be in stable equilibrium in a purely electrostatic field. The situation is different in a magnetostatic field; consequently, magnetic levitation is possible while electrostatic levitation is not. In this paper, motivated by an analogy with a mechanical system, we show that the addition of a small oscillating electrical field to an otherwise electrostatic configuration leads to the stabilisation of unstable equilibrium points. Therefore, levitation becomes possible in an "almost electrostatic" field.
The picture of a superconductor floating over a magnet is well known, and it is a good proof that magnetic levitation is possible. Neither Maxwell equations nor potential theory are needed to convince someone about the feasibility of the phenomenon. The situation is quite different with electrostatic levitation. One can prove it is not possible, but some considerations from potential theory should be done [1] ; in old textbooks [2] the demonstration, pompously called Earnshaw's theorem, establishes the non existence of stable equilibrium points in a purely electrostatic field. In this paper we show that a completely different physical problem could give us a clue to override the impossibility of levitation in an (almost) electrostatic field. The level of the article is adequated for a student who has taken a first course in Electrodynamics, and it may be used as an introduction to a subject of clear technological interest.
For mechanical systems it is well known that an inverted pendulum cannot be in a stable equilibrium, but the pendulum can be indefinitely in that position if a small oscillatory motion is applied to the support point. It is a typical exercise in control theory courses to find out the way to stabilise an inverted pendulum. Motivated by this result, this article shows that a small oscillating field superimposed on an electrostatic field can stabilise a charged particle that otherwise would be in unstable equilibrium.
The structure of this paper is as follows. In Sec. 1, the results concerning the existence (or not) of stable equilibrium in magnetostatics (or electrostatics) are briefly reviewed. In Sec. 2, the stabilising effect of an oscillating electric field on a charged particle in unstable equilibrium is proven.
Equilibrium in electrostatic and magnetostatic fields
Let us imagine a particle in a static field F(r). If this particle is in equilibrium at r 0 , the net force on it should be zero:
However, this condition does not guarantee that the equilibrium is stable. To get such a condition, the particle should return to its original position if it is displaced from the equilibrium point, i.e. the force should push the particle back to the initial condition. In mathematical terms, this means that:
The above conditions needed for the existence of a stable equilibrium are general. If the force can be derived from a potential ψ, i.e. F = -∇ψ equations (1) and (2) is rewritten as:
A rigorous proof of this can be found in the well-known book of Kellog about potential theory [3] . If we consider an electrostatic field ϕ, it is described in empty space by Laplace's equation:
Therefore, there is no way that conditions (3) are fulfilled at any point and there is no stable equilibrium point, in a purely electrostatic field for a test charged particle. Now let us consider the case of a small dielectric body in an electrostatic field. In this case a polarisation P is induced in the body by the electric field E, and both quantities are related to each other by:
where χ e is the electrical susceptibility.
The polarisation P produces a dipolar moment p in the body. If the volume V is small enough so that the electric field can be taken as a constant inside the body, then we can write:
The force acting on a charged body in an electrostatic field is given by [2, 4] :
Using (6) and a well-known vectorial identity, Eq. (7) can be rewritten as:
This last equation can be restated for the case of a small magnetic body in a magnetostatic field H. In this case, Eq. (8) becomes:
where χ m is the magnetic susceptibility. From Eqs. (8) and (9) we can understand why there is a magnetic levitation, but not an electrostatic one. According to (3), a stable equilibrium point requires that the force on the body to be zero at that point, and the divergence of the force to be negative. In the present case, this means that:
However, the Laplacian of a positive defined quantity is always positive; therefore the only way to fulfill (10) is with a negative susceptibility. But all known substances have positive electric susceptibility, and consequently electrostatic levitation is not feasible. Certainly there are materials with negative magnetic susceptibilities -the diamagnetic ones and superconductors-and for that reason magnetic levitation is possible.
The next section will show that the addition of a small oscillating electrical field to an electrostatic one allows the existence of stable equilibrium points. Thus levitation becomes, at least in principle, possible in an "almost" electrostatic field.
Stabilisation through a small oscillating field
In this section we analyse what happens when a small oscillating field is added to an electrostatic configuration. It turns out that the additional field can stabilise a charged particle, and consequently, electrostatic levitation becomes feasible.
Let us assume an electrostatic field E 0 (r), and an unstable equilibrium point at r 0 ; i.e. if a test particle with charge q and mass mis placed at r 0 , then:
A small oscillating field E w (r, t) is added. The particle position is now written as:
Since the added field is small and rapidly varying, it is assumed that f is also small and oscillates fast. It is also supposed that the fast changing vector f is controlled by the oscillating field E w (r, t), while the static component of the position vector is ruled by the electrostatic field E 0 (r). For this reason, the equation of motion is written as follows:
To write the second line of (13), it has been taken into account that | f | | r 0 |. To solve the above equation, an explicit expression for the oscillating field should be chosen. It is assumed that the field is described by:
A is the amplitude of the field and may change with position.
Given (14), Eq. (13) can be solved and the result is:
Actually, this is an approximate solution of (13) since the field at r 0 has been taken. We may improve the solution by expanding the field around r 0 , resulting in:
To get a physically significant result, the magnitudes should be averaged over a complete period of the oscillating field. This temporal average will be denoted with brackets . . . . It is clear that the first term of the right side vanishes, and using (15) as an approximate value for f, it turns out that:
Notice that an additional force F w = mf acts on the particle; however, the amplitude of the oscillating field may be chosen in such a way that this new force becomes zero at r 0 . What really matters is the divergence of F w :
As we have seen above, the Laplacian of a positive function is always greater than zero; consequently the divergence of this extra force is negative. A fine-tuning of the oscillating field amplitude is needed to assure that the net force on the particle is zero, but the net divergence is negative. From (11), (17) and (18), we conclude that:
These are the conditions A(r) should satisfy. No physical law is violated; they only require that the module of A(r) reaches an extreme local value at r 0 with certain constraint related to the value of its Laplacian at that point. Once these conditions are fulfilled, the point r 0 becomes a stable equilibrium point in an "almost" electrostatic field. This situation is completely analogous to the inverted pendulum, initially in unstable equilibrium, that is stabilised by an oscillating motion applied to the pivot point.
The purist may argue that the field is not more electrostatic, and that is certainly true. In this sense, Earnshaw's theorem is still valid. However, since we have control on the field frequency, it may be chosen high enough as to fulfil the second line of (19) with a very small oscillating field amplitude. That is why we talk of an "almost" electrostatic field.
In summary, this exercise shows that a test charged particle can be stabilised in an electrostatic field with the help of a small, high frequency oscillating field. And thus, electrostatic levitation becomes possible. The demostration is simple enough as to be within the scope of an undergraduate student with an intermediate course in Electrodynamics.
